Energy Extraction from Higher Dimensional Black Holes and Black Rings 
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We analyze the energy extraction by the Penrose process in higher dimensions. Our result shows 
the efficiency of the process from higher dimensional black holes and black rings can be rather 
high compared with than that in four dimensional Kerr black hole. In particular, if one rotation 
parameter vanishes, the maximum efficiency becomes infinitely large because the angular momentum 
is not bounded from above. We also apply a catastrophe theory to analyze the stability of black 
rings. It indicates a branch of black rings with higher rotational energy is unstable, which should 
be a different type of instability from the Gregory-Laflamme's one. 
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I. INTRODUCTION 

In recent years, a brane world scenario has been exten- 
sively studied Q1E1E1 . One characteristic feature of brane 
world is that mini black holes might emerge in the accel- 
erator 0. If there exist large extra dimensions, the fun- 
damental gravity scale Mo could be order of TeV, much 
smaller than M4 ~ 10 19 GeV 0- Since the Schwarzschild 
radius of particles in the collider becomes smaller than 
the particle radius, mini black holes could be produced 
in the accelerators. If we are able to detect the produc- 
tion and evaporation of black holes, it would be not only 
the direct evidence for the Hawking radiation, but also 
the stepping stone to a unified theory. 

For this reason, the basic study of higher dimensional 
black holes is now of great importance. A naive esti- 
mate shows that mini-black holes can be described by 
the classical solutions of the vacuum Einstein equations. 
We may be able to ignore the effects of brane. In the 
colliders, black holes would be produced with rotation in 
general. 

The rotating black holes in D dimensional space-times 
with S D ~ 2 topology were first derived by Myers and 
Perry [j| . The black holes in higher dimensions can have 
arbitrarily large angular momentum unlike the case in 4- 
dimensional Kerr black hole. The amazing discovery is 
the rotating black ring solution by Emparan and Reall Q , 
whose topology of the event horizon is S 1 x S 2 . Two black 
rings and one MP black hole with the same mass and an- 
gular momentum can coexist. While in four dimensions, 
neutral charged black holes are completely specified by 
their mass and angular momentum, and moreover non 
spherical topology is forbidden 0, |g- This is the first 
counterexample that uniqueness theorem does not hold 
in higher dimensions. It is then important to examine 
the property of the black ring and black holes in detail. 

In this paper, we focus our attention on the energy ex- 



traction by the Penrose process 0, 0, |n| . Using such a 
formalism, we discuss the efficiency of the energy extrac- 
tion. 

The remainder of the paper is organized as follows: The 
geometry of the higher dimensional black holes and black 
ring is summarized in Section [HJ Section IIIII consists 
of the main discussions on the energy extraction from 
higher dimensional black holes and black rings. As for 
5-dimensional objects, adopting a catastrophe theory, we 
analyze their stability in Section llVl Our conclusions and 
some remarks follow in section IVT1 



II. HIGHER DIMENSIONAL BLACK HOLES 
AND BLACK RINGS 

We first summarize black hole and black ring solutions 
in higher dimensions, which we discuss here. 



A. MP black hole solution 

Myers and Perry found an exact solution of the Ein- 
stein equations in arbitrary D dimensional space-time @ . 
It represents a rotational black hole, which is a generaliza- 
tion of the four-dimensional Kerr black hole. The solution 
is described by a different form depending on whether a 
space-time dimension is even or odd. Then we write the 
solutions in order. 



1. Even dimensions (D = 2(d + 1)) 
The metric in even dimensions is given by; 

d 

ds 2 = -dt 2 + r 2 da 2 +J2( r2+ a i ) ( d rf + rfdtf) 
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where 
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n = ]J(r 2 + a 2 ), 

i=l 

d 



(2.2) 
(2.3) 
(2.4) 



with d = D/2 — 1. The parameters M and Oj are related 
to the mass .A/f and angular momenta J7i as 



M = U^^- 2 ) M ' 



(2.5) 



Ji 
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A (D _ 2) Ma i (* = !,••• ,d), (2.6) 



where G and Am^2) are -D-dimensional gravitational 
constant and the area of a unit (D — 2)-sphere, which 
is given by 
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(D-2) 



2tt( d - 1 )/ 2 

r((z?-i)/2)' 
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respectively. 

The event horizon appears where 



n -Mr 
TIF 



(2- 



vanishes. If at least one rotation parameter set to zero, 
for example a\ = 0, the equation for horizon is given by 



TI-Mr = r 2 jj^(r 2 + a 2)-^J = 0. (2.9) 

In the case of d > 2, i.e. D > 6, Eq. (|2.9|) has a positive 
root independent of the magnitude of czj. We then find 
a regular black hole solution albeit the angular momenta 
are arbitrarily large. This is one of typical features of 
higher dimensional black holes. 



2. Odd dimensions (D = 2d + 1) 

In odd dimensions, the metric of a rotating black hole 
is slightly changed from Eq. I|2.1|) . which is given by 

d 

ds 2 - -dt 2 + £ (r 2 + a 2 ) (dp 2 + /x 2 d</> 2 ) 



where the definition of TI and d = (D — l)/2 . We also 
find that if at least two angular momenta set to zero, the 
remaining angular momenta can be arbitrarily large for 
d > 3, i.e. _D>7asin the case of even dimensions, 
because the equation for horizon is now 



17 - Mr 2 = r 4 



,i>3 



a 2 )-^]=0. (2.12) 



A five-dimensional black hole is exceptional, because 
there is an upper bound for the angular momentum. 
We also write down a five-dimensional black hole solu- 
tion with two rotation parameters a and b in the Boyer- 
Lindquist coordinates, which is given by 



ds 2 



dt 2 
M 



2 2 

p r 



dr 2 + p 2 d6 2 



(dt + a sin 2 6d(f> + b cos 2 9 dtp) 



(2.13) 



+ (r 2 + a 2 ) sin 2 



+ (r 2 +& 2 )cos 2 edip 2 , 



where 



2 2 

p = r 



a 2 cos 2 6 + b 2 sin 2 9, (2.14) 
A = (r 2 + a 2 )(r 2 + b 2 ) — Mr 2 . (2.15) 



The horizon appears where A = 0, which gives the loca- 
tion of the horizons, i.e. 
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M - (a 2 + b 2 ) ± y/[M -{a + b) 2 ][M - (a - b) 2 ] 



(2.16) 



The sign change of rotation parameters a, b simply re- 
verses the direction of rotation. The condition for the 
existence of an event horizon is 



M>(\a\ + \b\) 2 . 



(2.17) 



The outer and inner horizons coincide when M = (\a\ 
\b\) 2 . The area of the event horizon is given by 



27r , 2 

A H = r 2 



a 2 )(r 2 



(2.18) 



The horizon vanishes if one of the angular parameters set 
to zero and the other approaches the extreme value (e.g. 
b = and a 2 — > M) , which corresponds to the appearance 
of a naked singularity. When (|o| + |6|) 2 — > M with a^O 
and 6^0, this corresponds to the extremal black hole 
with non-zero surface area and vanishing temperature. 



Mr 2 ( A 2 , J \ TJf 1 , 2 

1 ^ + 2^ + n _ Mr 2 dr ' 

v i=l / 

(2.10) 
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with 



5> 2 = i, 



(2.H) 



B. a black ring solution 

Emparan and Reall found a new exact solution of the 
vacuum Einstein equations in five dimensions, which is 
asymptotically flat, stationary and regular on and outside 
the event horizon 0. This solution describes a black 
"hole" with the ring topology S 1 x S 2 , which is called a 
black ring. 
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The metric of a rotating black ring is written in the 
following form [HEl 



(2.19) 



7? 2 



-F(x) 



+F(y) 



G{y) 



a /_d^_ G(x)(l + A) 
VG(x) F(x)(1 + ^) 2 ^ 



where 



F(0 = 1 - A£, 

G(C) = (l-e 2 )(l-^). 



(2.20) 
(2.21) 



Here we have adopted a form of the C-metric introduced 
in 0. 

The parameter R(> 0) is interpreted a "radius" of the 
ring. The parameter v, related to a "thickness" of the 
ring takes the value in < v < 1. Both angular- 
coordinates 4> and ^ have period 27r. a;, y take the value 
in the range 



1< x < 1, 



-1 < jT 1 < A. 



(2.22) 



x = +1 corresponds to the inside equatorial plane of the 
ring, while x = — 1 denotes the outside of the equatorial 
plane. The spatial infinity corresponds to x ^ — 1 and 
y — > — 1, while the symmetric axis is given by x = +1 and 
y — * — 1. A space-time singularity is located at y = A -1 . 
The event horizon and the ergosurface are given by y — 
v~ x and y^ 1 = 0, respectively. We find a regular black 
ring solution if we impose some relation between A and 
v. This metric form also includes a black hole solution 
for a different relation of A and v. Then the parameter A 
determines the topology of the objects, i.e., 



1 



(a black hole) 



A = 



2v ( 2 - 23 ) 
2 (a black ring). 
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The solution of A = 1 corresponds to the five-dimensional 
MP black hole with one rotation parameter. In fact, Eq. 
(|2.19|) is transformed into Eq. (j2T3|) with b = 0, by the 
coordinate transformation Q 



2 (l-y)(l- vx ) (l-y)(l + x) 

r = M — — r- , cos = 



(l + v)(x-y) 



2(x - y) 



with 



M 



AH 1 



2J2vR 



(2.24) 



(2.25) 



l+v 1+v 
The mass, angular momentum, surface gravity, angular 



velocity and horizon area are given by [12 



_ 37ri? 2 A(A + l) 
J AG v + 1 ' J 
1 1 -v 



2i?A 1 /2(A-zy)V2' 



n 



ttR 3 7A^(A + \f/ 2 
2G {l + v) 2 ' 
1 



H 



RV A(l + A) 



2d3 a 1/2 (i + a)(a-^/2 



{l + u) 2 {l-v) 



(2.26) 
(2.27) 
(2.28) 



The horizon area vanishes as v — > 1, and in this limit, a 
naked singularity appears. The opposite limit of v — > 
leads a solution without an angular momentum. This is 
a static black ring solution with a conical singularity |l4j . 

We introduce a dimensionless reduced spin parameter 
j by 



3 



27tt J 2 



32G M 3 ' 

Using Eqs. $T2~fy and $FIty . we find 
2v 



(2.29) 



J 



1 



(1 + uf 



(a black hole) 



(a black ring). 



(2.30) 



There exist two black rings and a black hole with the 
same mass and spin in the range of 27/32 < j 2 < 1. Two 
rings are distinguished by their area (entropy) 



III. ENERGY EXTRACTION 

In this section, we discuss the Penrose procees 0, 0, 
we can extract a rotation energy from a 
black hole or a black ring. In the Penrose process, an 
incident particle with the Z?-momentum is supposed 
to split into two fragments (first and second particles with 
the D- momenta and P%\) m the ergoregion. One of 
them crosses the event horizon, while the other escapes 
to infinity. 

In order to calculate the efficiency of energy extraction 
by the Penrose process, we consider a very simple case, 
that is, all particles are confined on one plane, which we 
call an "equatorial" plane. In higher dimensions, there 
are several planes on which a particle's trajectory can be 
confined. At the point of split, the total Z)-momentum is 
conserved as 



"(o) 



J (2) 



(3.1) 



The momenta of three particles (I — 0, 1, 2) are non- 
spacelike and hence should lie inside a local light cone. 

The orbit of the particle moving on a plane is described 
by two dimensional coordinates, i.e. radial and one an- 
gular coordinates (r and </>). Then we can write the mo- 
mentum of a particle along the geodesic 7 as 



P~ t =V 



d 
~dxM 



d_ 

dt 



v _d_ + Q d_ 

dr dd 



(3.2) 



4 



ith 



with 



dr 

The relation E = —p t yields 



= 



d<p 
~dt 



E 
X' 



X = g tt + tig 



t<f>- 



(3.3) 



(3.4) 



From p^Pn = —to 2 , we find 

gtt + 2#t0f2 + g^fl 2 = ~g rr v 2 - 



< 0. (3.5) 



Then the angular velocity with respect to an asymptotic 
infinity observer (O) takes the value in the range of 0~ < 
O < 0+ , where 



O = LO ± , LO 



fill 



with 



9i4 



(3.6) 



(3.7) 



which denotes the angular velocity of a locally nonrotat- 
ing observer at a given radius r. The conservation of 
energy (E = —pX) and angular momentum (L = p*0) 
are written as 

p\o) x (o) = p\i)X{i)+p\ 2] X m , (3.8) 

P(o) n (o) = P(i)fyi) +P t (2) ri (2)- (3-9) 

Suppose that the first particle crosses the horizon with 
negative energy E^ < 0. The second particle will get its 
energy when it escapes into infinity. The efficiency of the 
Penrose process is then given by 



E, 



n 



(2) 



E, 



(0) 



E, 



(0) 



= x-i, 



(3.10) 



From the energy and angular momentum conservation 
(Eqs. 1(23 and O) with the definition of X (Eq. 

63), 



E(2) _ (O(0)-X"(l) - O(l)^(0))^(2) 
E (0) (^(2)^(1) - ^(1)^(2) )X(Q) 



(0(2) - O (1) )X( ) 



(3.11) 



Here we consider the case that the incident particle has 
zero initial velocity, i.e. E^ = to.( ), and assume that 
it will decay into two photons 0, i.e. p(i) and p( 2 ) are 
null. The efficiency 77 = % — 1 is maximized if we have 
the largest value of 0( 2 ) and the smallest one of O^) 
simultaneously, which is obtained when all vanish. 
In that case, we find 



t ( d _ d 



d 

P(2) =P(2) \ -d t +n+ — 



d(j> 
d 



(3.12) 
(3.13) 



(1) =0" (2) =0+, (3.14) 
and from Eqs. I|3.4|) and l|3.5(l . 

-gtA 1 + gtt) + J{i + gitiig^- gugu) 







(0) 



(3.15) 



P(0) 



) 


1, 






V(ij; 


\m/ 


d 




dr j/ 


X. d<t> 



FIG. 1: The momenta p(j) lie in the local light cone. The 
maximum efficiency of the Penrose process is achieved when 
the radial velocities vanish, assuming and p(2) are 
null. 

The maximum efficiency is then given by 

(O(o) - Q-)(g tt +g t 0O+) _ ^ 



^]max — Xmax 



1 = 



(0+ - )(gu+9t^(o)] 



< 



g^W^+jtt + 1) + g f 

2500 V 1 + fftt 



(3.16) 



where the equality holds when the split occurs at the 
horizon. 

In four dimensions, the rotation parameter of Kerr 
black hole has an upper bound a < VW, then we find 




20.7%. 



(3.17) 



The equality holds when the split occurs at the event 
horizon and the black hole is extreme (a = M.). Then 
we find the maximum efficiency of the Penrose process 
in the Ker r sp ace-time is about 20.7%. This recovers the 
results in [Tot ITT| . 

Now we discuss the efficiency of the Penrose process in 
higher dimensions for each solution in order. 
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A. Black Hole 

1. Even dimensions (D = 2(d + 1)) 

The coordinates ^ and a in the metric (|2.1[1 . are writ- 
ten explicitly by colatitude angle 9i as follows: 



jtxx = sin( 

/J.2 = COS 



'1 

h sin ( 



= cos Q\ cos 02 ■ ■ ■ sin 9d 



(3.18) 



/'</ 

a = cos 



?i cos 02 • • • cos 9d ■ 



Suppose that the orbits of particles are constrained on 
the "equatorial" plane Q\ = 62 = • • ■ = Od = ir/2. Note 
that since each coordinate \Xi is an equal footing, we can 
exchange the numbering of fit . Then we find d "equatrial" 
planes, on which the orbits of particles are confined. As 
a result, we can replace a\ in the result obtained below 
with any other rotation parameter a%. 

Substituting the metric (|2.1|l at the horizon r + into Eq. 
(I3.16|) . we find the maximum efficiency ry max as 



(3.19) 




V < f?max = 

The black hole event horizon r + is given by 
l[(r 2 + + a 2 i )-Mr + = 0. 



(3.20) 



In six or higher dimensions, the angular parameter a\ 
can take arbitrarily large value if at least one remaining 
rotation parameter is zero. Thus in this case, we are able 
to extract quite a lot of energy from black holes. 

We shall see this fact more explicitly. For simplicity, 
we first consider the case of D = 6. In this case, we 
have two rotation parameter. We set a\ = a, a-i = (3a 
(a > 0, 77 > 0). (3 denotes the ratio of the second rotation 
parameter to the first one. Then the equation for the 
horizon leads 



where x + = r + /a, M 
the critical value 



1)04 -Mx+ = 0, (3.21) 

M / a 3 . The horizon is larger than 



2 =1 
X "~ 6 



-(1 + /3 2 ) + V(l + /? 2 ) 2 + 12/3 2 



(3.22) 



The rotation parameter is limited, when (3 is fixed, as 

-'-cr 



a 3 < 



0*4 + 1)0*4 + /?*) 



-M . 



(3.23) 



From Eq. (|3.19|l . we obtain the maximum efficiency in 
terms of (3 as 



1 




2^1 (l + 3/3 2 + v/(l + /3 2 ) 2 + 12/32) _ ! 

(3.24) 



TABLE I: The maximum efficiency ry ma x of the Penrose pro- 
cess in MP black hole with D = 6. ai and 02 are two rotation 
parameters. f3 — az/ai and r+ is the horizon radius. 





ai <C 02 


ai = <22 


Ol » 02 


p 


— > 00 


1 


-» 


r+ 


r+ > ai 


r+ > 7T 1 


r+ > /3a 1 


ai 


( m y /3 


""I 16 J 


fM\ 1/3 


^max 




2 





We summarize some typical cases in Table 1 . We find the 
maximum efficiency diverges as 1/(2/3) when the second 
rotation parameter 02 decreases to zero, i.e. = (3a\ — > 
0(/3 — ► 0). On the other hand, even if the first rotation 
parameter a\ is very small as ai = 02//? — > 0(/3 — > 00), 
the efficiency does not vanish. It gives the same efficiency 
as that in four dimensional black hole. Although this 
value is not so large, we obtain the large efficiency if 02 
is large enough by putting the particles on the different 
equatorial plane, i.e. (fj,2, <t>2) -plane. This result is also 
obtained just by the exchange of coordinates (^tj, (f>i) (i = 
1,2). As the result, if one rotation parameter is enough 
large, we can extract rotational energy by any amount by 
the Penrose process. 

One interesting observation is the case of the same ro- 
tation parameters ; ai = 02 = a((3 = 1). In this case, the 
horizon radius is limited as r + > a/y/3, The efficiency is 
finite, i.e. ij max = 1/2. 

This is true for any even dimensions. If all rotation 
parameters are the same, i.e. a, = a(i = 1, • • • ,d), we 
find the maximum efficiency by 



(3.25) 



In this case the horizon and rotation parameters are lim- 
ited as 



r+ > 



V2d~T 



(3.26) 



a < ( ^-^ ) MVt— ).( 3 .27) 

The efficiency becomes larger as d increases, but not so 
much. 



2. Odd dimensions (D = 2d + 1) 

The efficiency is obtained by almost the same fashion as 
that in even dimensions. The coordinates ^ are explicitly 



6 



written such that 



Hi = sin fi 

fj,2 = cos 6\ sin 02 

Hd-i = cos Ox cos^2 • • -sinfld-i 

[Id = COS^i COS 2 • ■ ■ COS^d-1. 



(3.28) 



If the particle orbit is constrained on the "equatorial" 
plane (0% = 62 = ■ ■ ■ = 9d^3_ = ir/2) as in five dimensions 
[Tlj , we obtain the efficiency of the Penrose process from 
Eqs. |3~TB|l and (|2~TU|) . 



(3.29) 




where the horizon radius r + is given by 



(3.30) 



As in the case of even dimensions, 01 can be arbitrar- 
ily large if D > 7 and at least two rotation parameters 
vanish, we could have more productive energy extraction 
from a higher dimensional black hole than from four di- 
mensional Kerr black hole. However, if all rotation pa- 
rameters are the same as a, = a(i = 1, • • • ,d), we find 
the maximum efficiency by 



Vn 



Uvd-i 



(3.31) 



In this case the horizon and rotation parameters are lim- 
ited as 



> 



a < 



(3.32) 



l/(2(d-l)) 



M i/(2 (£ z-i)) _ (3 33) 



The efficiency becomes larger as d increases, but not so 
much. 

We shall give the detail in five dimensions with two 
rotation parameters a = a\ and b — 0,2- The equation for 
the horizon is now 



{x 2 + + l){x\+ (3 2 )- Mx 2 



0, 



(3.34) 



where x + — r+/a, (3 — b/a, and M = M/a 2 . We find 
that the horizon radius is limited as x+ > P 1 ' 2 . Then 
obtain the maximum efficiency as 



(3.35) 




This result is summarized in Table 2. 



B. Black Ring 

Since infinity is at x = y = — 1, we consider to in- 
ject a particle from x = — 1 direction. Writing down the 



TABLE II: The maximum efficiency »7 max of the Penrose pro- 
cess in MP black hole with D — 5. a and b are two rotation 
parameters. f3 = b/a and r+ is the horizon radius. 





a < b 


a = b 


a > b 


13 


— > 00 


1 


-> 


r+ 


r + > vTJa 


r + > a 


r + > ^J3a 


a 






a < y/M 


'/max 









geodesic equation, we can see the particle is constrained 
x = — 1 plane through the orbit. In Appendix lAl we sum- 
marize a motion of a particle on the equatorial plane in 
a black ring spacetime. 

The maximum efficiency of the process is given from 
Eq. EDUl as 




(a black hole) 
= < (3.36) 

(a black ring). 

Since v takes value in the range < v < 1, the efficiency 
is greater than that from 4-dimcnsional Kerr black hole. 
This black hole solution corresponds to MP black hole 
in five dimensions with one rotation parameter a. In the 
limit of v — ► 1, we find maximum efficiency (?y m ax — > 00). 
Compared a black ring with a black hole, the efficiency 
of a black ring is larger than that of a black hole for 
the same value of v. However, if we evaluate them for 
the same reduced angular momentum, i.e. j, we find 
the opposite result (see Fig. |2) in the common range of 
27/32 < j 2 < 1. From Fig|2j, we also find an interesting 
feature for a black ring. The efficiency for larger angular 
momentum (j 2 > 1) decreases with respect to j to some 
finite constant. The larger angular momentum does not 
provide the larger efficiency. We will discuss its reason 
later. 



IV. IRREDUCIBLE MASS AND ROTATIONAL 
ENERGY 

The relationship between the black hole mechanics and 
thermodynamics is now well established |16|. The inte- 
grated mass formula holds for higher dimensional MP 
black holes and also black rings [jjT" 



M 



d-2 
d- 3 



f — 



A + n H j 



(4.1) 



The equation 1)4. If) in Kerr space-time is first found by 
Smarr • The mass of the neutral black hole consists 
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FIG. 2: The energy extraction efficiency in terms of a reduced 
spin. The solid line corresponds to a black ring and the fine 
line to a black hole. 



of the surface energy and the rotational energy |ljj , 

rA 



£ s = TT^ [ K(A,J = 0)dA, 



J 



fiffG/t, J)dJ. 



(4.2) 
(4.3) 



The surface energy £ $ is often referred as the irreducible 
mass Mim which cannot be decreased by any classical 
process. For the Kerr black hole, the irreducible mass is 



M i „ = ~(r 2 + + a 2 ) 1 / 2 . 



(4.4) 



It takes maximal value A4/\/2 when the solution is ex- 
tremal a = A4. Hence the rotational energy which we 
can extract at most is 



Sr/M 



1 



1 



V2 



29.3% (Kerr). 



(4.5) 



By the Penrose process, we can extract about 29.3% of 
the initial mass energy Mq(Ao, Jo). A Schwarzschild 
black hole would be eventually left with its mass A4f = 
M iTT {Mo,Ja). 

Calculating these quantities using the formula in [5( for 
five dimensional black hole and black ring [l^, we find 



3(27rU 2 ) 1/3 _ 3^A 1 / 3 (l + A) 1 / 3 (A-z/) 



16ttG 2 5 / 3 G(l + z/) 4 / 3 (1 - vfl* ' 

(4.6) 



we find the rotational energy £r = M. — M.\„ is 



l-i/ 
l + v 



e R = £ R /M = < 



1/3 



(a black hole) 



1 - 



1/3 



(4.7) 



(a black ring). 



Figgis the plot for sr — £r/M against j 2 . The rota- 
tional energy is monotonically increasing function of j 2 




FIG. 3: Reduced rotational energy (en) is shown in terms of 
a reduced spin j. The fine line corresponds to a black hole 
solution, while the solid line to a ring solution. The overlapped 
point (j 2 ,sn) = (1, 1) is a naked singularity. The point (0,0) 
represents the Tangherlini-Schwarzschild solution, so in this 
case we cannot extract energy from a black hole. 



for MP black holes with one angular momentum, while 
it has a cusp at j 2 = 27/32 for a black ring solution. 
This point gives a lower bound of angular momentum 
of a black ring. We also find a similar structure for the 
horizon area (entropy)-angular momentum relation (see 
Fig. 3 in [(|), in which we have also a cusp at the same 
point. The higher entropy branch should be relatively 
stable, while the lower entropy branch may be unstable, 
i.e. it contains at least one unstable mode. Note that the 
higher rotational energy branch corresponds to the lower 
entropy branch. The appearance of such a cusp indicates 
change of stability. Such a behavior of stability could be 
understood by a catastrophe theory [l9| . 



V. CATASTROPHE THEORY AND STABILITY 

Catastrophe theory is a mathematical tool to explain 
a change of stability in nature. In some phenomena, a 
state changes discontinuously in spite of a gradual change 
of the state parameters. The stability changes of colored 
black holes, for example, are explained by a catastrophe 
theory |2(| ■ The stability analysis via a catastrophe 
theory seems to have one-one correspondence to the linear 
perturbations. 

To see this more precisely, we introduce a potential 
function, which is a functional of a control parameter and 
a state variable. We here assume that a control parameter 
is a radius of a black ring R 2 = 3irR 2 jlGM. (This can 
be driven by solving (|2.2b| for R) , a state variable is the 
reduced angular momentum j 2 and a potential function is 
the reduced rotational energy e^. In Fig. we depict the 
equilibrium space V. We find that there are two smooth 
curves: One (the fine line) corresponds to a set of black 
hole solutions and the other (the solid line) to that of 
black rings. The projection of the equilibrium space onto 
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the control plane (FigOJ) is called a catastrophe map \v '■ 
V — > K 2 . At the point of the bifurcation (R 2 ,j 2 ,En) — 
(25/12, 27/32, 1/2), the mapping xv becomes singular. If 
such a singular point exist, the stability changes there. 




We should also mention about Gregory-Laflamme (GL) 
instability of a black ring [2lJ ■ When the angular momen- 
tum gets large, a ring becomes very thin, which phase cor- 
responds to the lower branch in Fig. [3] Then we expect 
the similar instability to GL instability of a black string 
[2l| . because in the limit R — ► oo, v, A — > 01 > a black 
ring solution approaches a boosted black string solution 
(see Appendix [EJ. This GL instability seems to be differ- 
ent from the above instability discussed in a catastrophe 
theory, which we shall call the small entropy (SE) insta- 
bility because the smaller horizon area (entropy) branch 
would be unstable. The upper branch of a black ring is 
unstable in the sense of SE instability, while the lower 
branch (at least for large j 2 ) becomes unstable in the 
sense of GL instability. Therefore, it is not so clear what 
kind of stable configuration is achieved for a black ring. 



FIG. 4: Two smooth curves in the equilibrium space V = 
(R 2 , j 2 , En) :Qne (the fine line) corresponds to a set of black 
hole solutions and the other (the solid line) to that of black 
rings. 




n 1 



FIG. 5: The projection of the curve in the (R 
onto the (R 2 ,j 2 ) plane and the (R 2 ,er) plane. 



2 „-2 _ \ 

3 >£«) 



space 



Since the irreducible mass is proportional to the two 
third powers of the area (A"fi rr °c -4^/ 3 ), the lower branch 
of the rotational energy has higher entropy, which is ther- 
modynamically stable configuration. When we compare 
the rotational energy of a black hole (e.r(bh) ) an d that of 
a black ring in the lower branch (£r(br<-)))i we nn d that 



£fl(BH) < £r(br<- 



for — < 7 < - (5.1) 
32 J 9 y ' 



> e 



fl(BR< 



for 



9 



< J 2 < 1 ■ (5.2) 



As a result, a black hole might be unstable for larger an- 
gular momentum, while a black ring might be unstable 
for smaller angular momentum. One may expect that 
there is a phase transition from a black ring to a black 
hole when the object loses its angular momentum. How- 
ever, a catastrophe theory cannot predict it because two 
curves in the equilibrium space are connected at a singu- 
lar point ((R 2 ,j 2 : en) = (2,1,1)) but not smoothly. We 
do not predict any stability for the equilibrium curve with 
such a singular point in a catastrophe theory. Since two 
objects are topologically different, classical perturbations 
will also not judge which spacetime is more stable. 



VI. CONCLUDING REMARKS 

In this paper, we have discussed the energy extraction 
via the Penrose process from higher dimensional black 
holes and black rings. The result is that we can extract 
much more energy from higher dimensional black holes 
than from 4-dimensional Kerr black hole. Although we 
can gain at most about 20.7% energy of incident particle 
in 4-dimensional Kerr space-time, the efficiency could be 
rather amplified in higher dimensions. In particular, if 
one rotation parameter vanishes, the maximum efficiency 
becomes infinitely large because the angular momentum 
is not bounded from above. We also apply a catastrophe 
theory to analyze the stability of black rings. Our analy- 
sis indicates a branch of black rings with higher rotational 
energy is unstable, which should be a different type of 
instability from the Gregory-Laflamme's one. The conse- 
quence might enable us to distinguish the 4-dimensional 
Kerr black hole from higher dimensional ones by their 
energy extraction rates. 

However we have to be more careful. The Penrose pro- 
cess tells us only possibility. If we are interested in the 
microscopic process such as the Hawking evaporation of 
a black hole or a superradiance, we have to put some field 
in some background spacetime and then quantize it. The 
super-radiant mechanism in the MP black hole has been 
investigated in j2^,[2j|. In the 5-dimensional black hole, 
if one rotation parameter is much smaller (but not zero) 
than the other, superradiant modes play an important 
role, by which two rotation parameters turn eventually 
to be almost equal [23] . For the black hole with the same 
rotation parameters, it turns out that the thermal radi- 
ation is much important than the superradiance even if 
the black hole is maximally rotating. This result would 
be consistent with our result, i.e. the efficiency of energy 
extraction can be infinitely large if one rotation param- 
eter is very small, on the other hand it is finite for the 
case with the same rotation parameters. 

As for a black ring, so far we do not know so much. 
Although the efficiency of energy extraction from a black 
ring can be infinitely large in the limit v — ► 1 (|3.36|) . 
the effective potential becomes larger and larger in this 
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limit. When we quantized some field in this background, 
the particles created by a quantum process may not be 
able to escape to infinity. If it is the case, the energy 
extraction via quantum process is not likely. To evaluate 
it, we have to investigate the superradiance and Hawking 
radiation. The evaporation mechanism and evolution of 
a black ring would tell us the real conclusion. However, 
we have unfortunately not succeeded to separate the vari- 
ables of geodesic motion and the Klein-Gordon equation 
in a black ring space-time. What we can do so far is to an- 
alyze it in the limit of j 2 — > oo as Ai/R fixed, which corre- 
sponds to a boosted black string spacetime. We find that 
no superradiance occurs in this highly rotating spacetime. 
The detail is given in Appendix [5] This result is again 
consistent with our result, i.e. the efficiency of a black 
ring in the small-e^ branch decreases with the angular 
momentum j. However, the Penrose process is still pos- 
sible because the efficiency reaches some finite constant 
even when j — > oo 

The stability of the black ring as well as higher dimen- 
sional rotating black hole, has not yet been established. 
Only the stability of Schwarzschild black hole is proved 
in higher dimensions as well |24j . An interesting thermo- 
dynamics approach to stability shows that they are un- 
stable in specific limit 0,113 • A black ring approaches a 
boosted black string and a rotating black hole with large 
angular momentum in D > 6 approaches a black mem- 
brane. Black strings and membranes are shown to be 
unstable j2j]]. It would be interesting to perform a sta- 
bility analysis by the metric perturbations and compare 
the result with a thermodynamics viewpoint. 

As we demonstrated in section [Tvl the appearance of 
cusp in FigOU indicates that there is a stability change at 
that point via a catastrophe theory. This shows that a 
black ring has another unstable mode which is different 
from the GL instability. It may be interesting to clarify 
what kind of instabilities exist in a black ring spacetime. 
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the plane x = — 1 for a particle with the energy E and an- 
gular momentum L, which is obtained from p^p^ = —to 2 
(to 2 = for a null particle), as 

(Jf) =e(AE 2 -2BE + C) 



eA(E-V+)(E-V-), 



where 
and 

£ = 

A = 
B = 



V+ 



B ± V-B 2 - AB 
A ' 



1 — tanh z 



(Al) 



(A2) 



i? 2 (l + A) 2 (tanh z + A)(l + tanh,?) 2 
A;/(tanh 2 z — 3 tanh z + 4) + (tanh z + A + v) 



(A3) 



1 + A 



(1 + u)(l - tanhz) 2 , 



C = —(1 + ^) 2 (1 + A)tanhz(tanhz - 1) 
R 2 

- to 2 (1 + A)(l + tanh z) (tanh z + v). 



(A4) 
(A5) 

(A6) 



In FigEl we depicts the effective potential for a null 
particle against z — — tanh -1 ?/ -1 . In this coordinates, 
asymptotic infinity is at z — > +oo. The negative energy 
states exist in the ergoregion — tanh -1 v < z < 0. 




FIG. 6: The effective potential for a black ring. Here we used 
a new coordinate z = — tanh -1 y~ . The horizon corresponds 
to z = — tanh -1 v and the infinity to z = oo. The plot is for 
v = 1/2 and the vertical line is normalized by L/R. 



APPENDIX A: THE EFFECTIVE POTENTIAL 
OF A TEST PARTICLE IN A BLACK RING 
SPACETIME 

We discuss here about a particle motion in a black ring 
spacetime. We assume that a particle moves on the "out- 
side" equatorial plane, i.e. x = — 1. Because y coordinate 
is singular on the ergosurface, we introduce another co- 
ordinate z, which is defined by z = — tanh -1 y -1 . Using 
this coordinate, we write down the effective potential on 



APPENDIX B: NO SUPERRADIANCE OF A 
BLACK RING IN THE LIMIT OF j 2 -> oo 

We show that superradiance does not occur from a 
very large black ring. A black ring solution approaches a 
boosted black string solution in the limit of j 2 — > oo as 
M/R is fixed [13 ■ In this limit, 

R^oo, (Bl) 
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with keeping RX and Rv constant. Introducing new co- 
ordinates r, 9,u} and parameters rn,cr as 

r = —RF(y)/y, cos 8 = x, w = Rtjj , 

RX = th cosh 2 a, Rv = th sinh 2 a . (B2) 

and taking the above limit I|B1|I of a black ring solution 
(|2.19|) . we obtain a boosted black string solution 



ds 2 = —f I dt ——7 — = dz: 



2rf 



/ 



^=dzu 2 



7"-' 



with 



r 

dti 2 = d9 2 + si: 



/= 1 



Th cosh (T 



- r 2 dfli 
(B3) 

(B4) 
(B5) 



where a is a boost parameter, a = corresponds to a 
(static) black string solution. The horizon exists at r = 
rn- The Killing vector £ — dt becomes null at the hori- 
zon. The ergoregion also exists {ru < r < ru cosh 2 a). 

We consider a massless free scalar field $ in a boosted 
black string spacetime (IB3j) . The basic equation for $ is 



□ $ = 



1 



-9 



(B6) 



which is separable in the spacetime (|B3|) . Here we set 
F(r) 



3> 



-Y u 



\^ikz^—iujt 



(B7) 



where Yi m denotes spherical harmonics. Then, we find 
the radial equation of (|B6|) as 



d 2 F 
drl 



+ V(r)F = 0, 



(B8) 



with 



,-,„ = M £-£-i2+i) 



. r ff sinh 2cr 
/ « + — — U) 



2rf 



(B9) 



where r* is the tortoise coordinate 



cir* 
dr 



V/, 



r* = r + r H In |r — r^l 



(BIO) 



The potential function V asymptotically approaches 
some constants as 



V(r) 



[r — > 00) 
(r -> r H ) 



where 



Woo 



cosh cr (w — fe tanh <r) . 



(Bll) 



(B12) 
(B13) 



To discuss the scattering of the scalar wave in this space- 
time, we consider an incoming wave with a unit amplitude 
Fuiimk, which asymptotic forms are given by 



F, 



link 



R , , p -iu H r, 



(r 



Since the Wronskian is constant with respect to r* for the 
solutions of (|B8|) and their complex conjugates, we find 



i-|A 



Imk I 



\£>u}lmk\ 

Woo 



(B15) 



Since the wave we are discussing is travelling at infinity, 
we have a constraint that Woo > 0, which gives ui > k. 
Then the condition for the superradiance (lA^/mfcl > 1) 
is 



loh < 



< k tanh o . 



(B16) 



which leads to u> < k. This is not consistent with our pre- 
vious condition for u>. Hence we come to the conclusion 
that superradiance does not occur for a boosted black 
string. 

The superradiance occurs by the difference between 
minimum energy of a particle at the event horizon and 
that at infinity. In the Kerr black hole, due to the in- 
ertia frame dragging, the minimum energy at the hori- 
zon is raised by the rotation of a black hole from to 
m^lH, where m is a magnetic quantum number. Hence, 
if < u> < rutin, we have superradiance. In the present 
case, the minimum energy of a particle at the horizon can- 
not be raised enough high compared with that at infinity 
(see FigQ). 

To see this more precisely, we write down the radial 
equation for a massless particle, i.e. the equation p^p^ = 
leads to 



r 2 = fE 2 



Tft sinh 2ct 



EL^ - fLl 



= f(E-U+)(E-UJ), 



with 



rn sinh a 



rn sinh 2<7 
2~r 



(B18) 



(B19) 




tjj sinh 2<7 
Yr ' 



(B20) 

where E,L^, and represent the energy, the w- and 
(f>- component of the angular momentum of a particle, 
respectively. The effective potential U± asymptotes the 
value 



±L m (r — > 00) 

L CT tanhcr (r — ► rjj) , 



(B21) 
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FIG. 7: The effective potential U± for a boosted black string. 
We set L ro = 2, L$ = 6, a = 1. 




which gives the minimum energy of a particle at infinity 
or that at horizon. Fig. shows the typical behavior of 
the effective potential U±(r) for a particle. U + (r) gives 
the minimum energy of the particle at r. 

Although there is no superradiance in a boosted black 
string spacetime, the Penrose process is still possible. In 
fact, the maximum efficiency for a black ring is finite 
(ij max = (V2 — l)/2) even in the limit of j 2 — » oo. 
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